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In this paper, we formulate statistical mechanics of the polymerized systems in the semiclassical
regime. On the corresponding polymeric symplectic manifold, we set up a noncanonical coordinate
system in which all of the polymeric effects are summarized in the density of states. Since we show
that the polymeric effects only change the number of microstates of a statistical system, working
in this coordinate is quite reasonable from the statistical point of view. The results show that the
number of microstates decreases due to existence of an upper bound for the momentum of the test
particles in the polymer framework. We obtain a corresponding canonical partition function by
means of the deformed density of states. By using the partition function, we study thermodynamics
of the ideal gas in the polymer framework and show that our results are in good agreement with
those that arise from the full quantum consideration at high temperature, and they coincide with
their usual counterpart in the limit of low temperature.
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I. INTRODUCTION
While general relativity (GR) improved our under-
standing about the Universe, its shortages are revealed
when it is utilized to describe dynamics of the Universe
in the standard big bang cosmology [1]. With the advent
of theories such as inflationary scenarios in order to solve
the initial value problem and its later success in explain-
ing the origin of the large scale structures, this idea was
formed that classical GR may fail to describe properly
our Universe (at least in such high energy regimes) [2].
The fact is that while GR is a classical theory in its orig-
inal formalism, the quantum effects significantly become
important in the very early Universe. It is plausible to
expect that the initial value problem will be naturally
resolved when a quantum theory of gravity is applied.
Although it seems that a complete theory of quantum
gravity is not yet made, its main candidates such as string
theory and loop quantum gravity revealed some funda-
mental aspects of the ultimate theory. For example the
existence of a minimal measurable length of the order
of the Planck length is a common feature of any quan-
tum theory of gravity [3, 4]. Assuming a minimal in-
variant length, the Heisenberg uncertainty principle triv-
ially implies an ultraviolet cutoff for the system under
consideration. However, the standard uncertainty prin-
ciple cannot support existence of a minimal length and
the standard Schro¨dinger representation of the quantum
mechanics is no longer applicable. Therefore, some at-
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tempts have been done to include a fundamental length
scale in the standard quantum mechanics, see for instance
[5] in which the generalized uncertainty principle is in-
troduced with the existence of a minimum measurable
length in its formalism. The Hilbert space representa-
tion of such modified uncertainty relation is formulated
in Ref. [6]. In more recent times, polymer representation
of the quantum mechanics has been studied in the con-
text of loop quantum gravity [7]. The associated Hilbert
space supports the existence of a minimal length, here
known as polymer length scale [8]. The relation between
polymer picture and the generalized uncertainty prin-
ciple framework is investigated in Ref. [9]. A notable
character of the polymer representation of quantum me-
chanics is that, in contrast to the standard Schro¨dinger
representation, in the classical limit ~ → 0 the system
does not tend to its usual classical version, instead, one
recovers a one-parameter λ-dependent classical theory,
where λ ∼ lpoly/~ denotes the polymer length scale. The
standard classical theory emerges in the continuum limit
λ → 0. Exploring the implication of the effective clas-
sical λ-dependent theory gives some interesting results.
For instance, existence of an upper bound for the energy
of a classical systems and removing the big bang singu-
larity in the cosmological setup when it applies to the
minisuperspace models [8, 10]. As another feature, we
will see that the effective λ-dependent classical theory
reproduces some results of the so-called doubly special
relativity [11] (in which a minimal observer independent
length scale is proposed to special relativity), and poly-
mer length plays the role of the observer independent
length scale.
The existence of an invariant minimal length has also
interesting effects on the thermodynamical behavior of
2the physical systems. In this regard, many efforts have
been made to formulate the statistical mechanics in the
framework of the generalized uncertainty principle [12].
Also, thermodynamics of black hole systems in the poly-
mer picture is studied in [13, 14] and the statistical me-
chanics of the ideal gas in doubly special relativity is
investigated in [15]. Nevertheless, in order to study the
thermodynamics of a given physical system, one needs
to know the microphysics of the system which in turn
is determined by quantum mechanics. However, for in-
stance, finding the energy eigenvalues is not an easy task
at all when one takes into account the minimal length
considerations in the problem at hand [6, 13, 16]. In an
alternative picture, one can work with the Hamiltonian
and density of states in the corresponding phase space in
the semiclassical regime. In this paper, at first we try to
formulate the classical phase space of a polymerized sys-
tems in terms of the language of the symplectic geometry.
Then we formulate statistical mechanics of the polymer-
ized systems in the semiclassical regime. We show that
our results are in good agreement with their quantum
counterparts.
The structure of the paper is as follows: In section 2,
we define a polymeric structure on the symplectic mani-
fold. In section 3, we obtain a deformed density of states
that contains all the polymeric effects. Using the de-
formed density of states, we find a canonical partition
function for the polymerized systems. In section 4, we
study the polymeric effects on the thermodynamics of
the ideal gas through the polymeric partition function.
Section 5 is devoted to the conclusions.
II. POLYMERIZATION
In the Hamiltonian formulation of the classical me-
chanics, the kinematics of the phase space is formed by
the Poisson algebra
{q, p} = 1 , (1)
where (q, p) are the phase space variables known as
canonical variables. Then, quantization is the passage
from the classical Poisson algebra (1) to the quantum
Heisenberg algebra by the standard rule: Replacing the
Poisson bracket by the Dirac commutator for the opera-
tors counterpart of the canonical variables as
[qˆ, pˆ] = i~ 1ˆ , (2)
where ~ is the Planck constant. It is easy to see that
the Heisenberg uncertainty principle is a straightforward
result of the commutation relation (2). The ordinary
Schro¨dinger picture of quantum mechanics is based on
the representation of operators on the Hilbert space
H = L2(R, dq), the space of the square integrable func-
tions with respect to the Lebesgue measure dq on the real
line R. In addition to this well-known representation,
there are other representations based on which one can
construct the quantum kinematics. Here, we are going
to pursue a case that has been presented in [8] under the
name of polymer representation. The polymer represen-
tation of quantum mechanics is formulated on the Hilbert
space Hpoly = L2(Rd , dµd), where dµd is the Haar mea-
sure, and R
d
is the real line but now endowed with the
discrete topology [17]. The extra structure in polymer
picture is properly described by a dimension-full param-
eter λ such that the standard Schro¨dinger representation
will be recovered in the continuum limit λ → 0 [8]. Ev-
idently, the classical limit of the polymer representation
~→ 0, does not yield to the classical theory from which
one has started but to an effective λ-dependent classical
theory which may be interpreted as a classical discrete
theory. Such an effective theory can also be extracted
directly from the standard classical theory (without any
attribution to the polymer quantum picture) by using the
Weyl operator [10]. The process is known as polymeriza-
tion with which we will deal in the rest of this paper.
In polymer representation of quantum mechanics, the
position space (with coordinate q) is assumed to be dis-
crete with discreteness parameter λ and consequently the
associated momentum operator pˆ, that would be a gener-
ator of the displacement, does not exist [7]. However, the
Weyl exponential operator (shift operator) correspond to
the discrete translation along q is well defined and effec-
tively plays the role of momentum for the system under
consideration [8]. Taking this fact into account, one can
utilize the Weyl operator to find an effective momentum
in the semiclassical regime. Therefore, the derivative of
the state f(q) with respect to the discrete position q can
be approximated by means of the Weyl operator as [10]
∂qf(q) ≈ 1
2λ
[f(q + λ)− f(q − λ)]
=
1
2λ
(
êipλ − ê−ipλ
)
f(q) =
i
λ
̂sin(λp) f(q), (3)
and similarly the second derivative approximation gives
∂2qf(q) ≈
1
λ2
[f(q + λ)− 2f(q) + f(q − λ)]
=
2
λ2
(̂cos(λp)− 1) f(q). (4)
Inspired by the above approximations, the polymeriza-
tion process is defined for the finite values of the param-
eter λ as
pˆ→ 1
λ
̂sin(λp), pˆ2 → 2
λ2
(1− ̂cos(λp)). (5)
The (quantum) polymerization (5) suggests the classical
polymer transformation P [F ] of a function F (q, p) on the
phase space as [10]
P [F (q)] = F (q), P [p] = 1
λ
sin(λp),
P [p2] = 2
λ2
(1 − cos(λp)), (6)
and in a same manner one can find polymer transforma-
tion of the higher powers of momentum p. In this sense,
3by a classical polymerized system, we mean a system that
the transformation (6) is applied to its Hamiltonian.
Now, consider a nonrelativistic physical system with
standard Hamiltonian
H =
p2
2m
+ U(q) , (7)
where m is the mass of a particle moving under the act
of the potential function U(q). Applying the polymer
transformation (6), the associated effective Hamiltonian
will be
Hλ =
1
mλ2
(
1− cos(λp)) + U(q). (8)
The first consequence of the polymerization (6), which
is also clear from the Hamiltonian (8), is that the mo-
mentum is periodic and its range should be bounded
as p ∈ [−piλ ,+piλ). In the limit λ → 0, the effective
Hamiltonian (8) reduces to the standard one (7) and one
recovers the usual range for the canonical momentum
p ∈ (−∞,+∞). Therefore, the polymerized momentum
is compactified and topology of the momentum sector
of the phase space is S1 rather than the usual R. As we
will see, this structure for the topology of the phase space
gives nontrivial results for the polymeric thermodynami-
cal systems, for instance, existence of an upper bound for
the internal energy of the system. In order to study the
thermodynamics of the polymerized systems, we imple-
ment the symplectic geometry which gives a more suit-
able picture from the statistical point of view.
A. Darboux chart
Consider a two-dimensional symplectic manifold M
thought as a polymeric phase space with symplectic
structure ω which is a closed nondegenerate 2-form on
M. According to the Darboux theorem [18], there is al-
ways a local chart in which this 2-form takes the canon-
ical form
ω = dq ∧ dp, (9)
and as we will see the variables (q, p) may be identified
with the canonical variables which we have perviously
defined in (1). Although the symplectic structure (9) is
canonical in polymeric phase space, one should be careful
about the periodic condition for the canonical momentum
which significantly leads to the nontrivial topology for the
momentum part of the manifold M. Time evolution of
the system is given by the Hamiltonian vector field x
H
which satisfies the equation
ix ω = dHλ , (10)
where Hλ is given by relation (8). By solving the above
equation with the use of the effective polymeric Hamil-
tonian given in (8), one gets
x
H
=
sin(λp)
mλ
∂
∂q
− ∂U
∂q
∂
∂p
. (11)
The integral curves of the Hamiltonian vector field (11)
are the polymer-modified Hamiltonian equations of mo-
tion in canonical chart
dq
dt
=
sin(λp)
mλ
,
dp
dt
= −∂U
∂q
, (12)
which clearly reduce to the standard Hamilton’s equa-
tions in the continuum limit λ→ 0.
The Poisson bracket between two real valued functions
F and G onM is defined as
{F, G} = ω(x
F
,x
G
) . (13)
The closure of the 2-form ensures that the Jacobi identity
is satisfied by the resultant Poisson brackets in definition
(13). In the Darboux chart, we have x
F
= ∂F∂p
∂
∂q − ∂F∂q ∂∂p ,
and also the same expression for the function G. Substi-
tuting these results together with the canonical structure
(9) into the definition (13), gives
{F, G} = ∂F
∂q
∂G
∂p
− ∂F
∂p
∂G
∂q
, (14)
which is obviously the standard canonical Poisson
bracket between two arbitrary functions F and G. It
is clear that with choosing F (q, p) = q and G(q, p) = p
we have
{q, p} = 1 , (15)
which is nothing but the standard canonical Poisson alge-
bra (1). It is important to note that while the polymeric
phase space and the standard classical relation (1) from
which we have started, seem to have the same kinematical
structure, dynamically they are different thanks to the
polymer-modified Hamiltonian equations of motion (12).
So, the Poisson algebra is canonical in the Darboux chart,
but the effective Hamiltonian (8) contains the polymeric
effects which will change the dynamics through the rela-
tion (10).
Now, suppose that the system under consideration is
a many-particle one for which we are going to apply the
above formalism in statistical mechanics point of view.
To do this, it is necessary to consider the well-known Li-
ouville theorem which is directly related to the number of
accessible microstates of the system. The Liouville vol-
ume for a 2D-dimensional symplectic manifold is defined
as
ωD =
(−1)D(D−1)/2
D!
ω ∧ ... ∧ ω︸ ︷︷ ︸
D times
. (16)
As a special case we see that for two-dimensional mani-
folds, the Liouville volume coincides with the symplectic
2-form. According to the Liouville theorem, the Liouville
volume (16) is conserved along the Hamiltonian flow x
H
as
LxωD = 0, (17)
4where Lx denotes the Lie derivative along the Hamilto-
nian vector field x
H
. This relation can be easily deduced
from (10) in which we have also noticed that dω = 0
due to the Cartan formula as Lxω = ixdω + dixω = 0
[19, 20]. So, the Liouville theorem is always satisfied on
a symplectic manifold independent of a chart in which
the physical system is considered.
If we restrict ourselves to a finite one-dimensional spa-
tial volume L, the total volume of the phase space can
be obtained by integrating the Liouville volume as
Vol(ω1) =
∫
ω1 =
∫
L
dq ×
∫ +piλ
−piλ
dp = 2pi
(L
λ
)
. (18)
In the standard Hamiltonian formalism of the classical
mechanics, the total volume of the phase space (18) di-
verges even if one confines the physical system to a finite
spatial volume. More precisely, the momentum part of
the integral of Liouville volume will diverge because there
is no any priori restriction on the momentum of the test
particles in the standard classical mechanics. However,
due to existence of an upper bound for the momenta in
the classical polymeric systems the resultant total vol-
ume (18) will be naturally finite. In other words, com-
pact topology of the momentum part of the polymeric
symplectic manifold implies the finite value for the asso-
ciated total volume that is circumference of a circle with
radius λ−1 (see Ref. [19] for more details).
Another point here is that, the spatial sector of the
phase space volume L should be quantized with respect
to the polymer length lpoly = α~λ, since the polymer
length is the possible minimum length for the polymer-
ized system. Here α = O(1) is a dimensionless coefficient
which should be fixed by the experiments [21]. Therefore,
we have Llpoly ∈ N. This result in some sense is similar
to the result obtained in Ref. [22] in the generalized un-
certainty principle framework. By taking this fact into
account, relation (18) may be rewritten as
Vol(ω1) = nh, (19)
where n is a positive integer which counts the number of
fundamental cells ~λ exist in L. This equation shows that
the total volume of the phase space is naturally quantized
with respect to the Planck constant h = 2pi~. Note that
in the semiclassical regime, to obtain a finite number of
microstates for a given statistical system, one needs an
extra assumption that the volume of the phase space is
quantized with respect to the Planck constant. How-
ever, as our above analysis shows, this issue automati-
cally emerges in the polymerized phase space. The origin
of this result may be sought in the Heisenberg uncertainty
principle. In the standard phase space there is no restric-
tion according to which the system fails to have access
to any desired length scale even the zero length. How-
ever, in the polymer picture the theory is equipped with
a maximal momentum correspond to the polymer length
(below which no other length can be observed) in the
light of the uncertainty principle as pmax ∼ ~lpoly ∼ λ−1,
the existence of which is responsible for the quantized
volume of the phase space.
B. Noncanonical chart
In order to study the statistical physics of a polymer-
ized systems, we introduce a noncanonical transforma-
tion
(q, p)→ (q′, p′) =
(
q,
2
λ
sin(
λp
2
)
)
, (20)
on the polymeric phase space which transforms effective
Hamiltonian (8) to the nondeformed one: Hλ(q, p) →
Hλ(q
′, p′), with
Hλ(q
′, p′) =
p′2
2m
+ U(q′). (21)
Although Hamiltonian (21) is independent of the parame-
ter λ, the new momentum p′ is bounded as p′ ∈ [− 2λ ,+ 2λ )
due to the transformation (20). Therefore, the Hamilto-
nian (21) should be counted distinct from the standard
nondeformed Hamiltonian (7). It is also important to
note that while the Hamiltonian gets the standard form,
the corresponding 2-form in the noncanonical chart be-
comes
ω =
dq′ ∧ dp′√
1− (λp′/2)2 . (22)
Substituting the above symplectic structure and also the
associated Hamiltonian (21) into the relation (10), we are
led to the following solution for the Hamiltonian vector
field
x
H
=
√
1− (λp′/2)2
( p′
m
∂
∂q′
− ∂U
∂q′
∂
∂p′
)
. (23)
The integral curves of the above Hamiltonian vector field
are the polymer-modified Hamilton’s equation in the non-
canonical chart
dq′
dt
=
p′
m
√
1− (λp′/2)2,
dp′
dt
= −∂U
∂q′
√
1− (λp′/2)2, (24)
which will be reduced to the standard ones in the limit of
λ→ 0. The two sets of modified Hamiltonian equations
of motion (12) and (24) are in agreement with each other
through the transformation (20).
The Poisson bracket between two real valued functions
F and G in this chart can be obtained by substituting
the noncanonical structure (22) and the associated vector
field (23) into the definition (13) with the result
{F, G} =
√
1− (λp′/2)2
(
∂F
∂q′
∂G
∂p′
− ∂F
∂p′
∂G
∂q′
)
. (25)
5With the help of this relation the Poisson bracket of the
noncanonical variables q′ and p′ can be obtained as
{q′, p′} =
√
1− (λp′/2)2 , (26)
which reduces to its nondeformed counterpart in the con-
tinuum limit λ→ 0.
Since, by definition, the total volume is invariant over
the symplectic manifold, it should be the same as one in
the Darboux chart (18). Indeed, integrating the Liouville
volume which is nothing but the 2-form structure for a
two-dimensional manifold, gives the total volume in the
noncanonical chart as
Vol(ω1) =
∫
L
dq′ ×
∫ + 2
λ
− 2λ
dp′√
1− (λp′/2)2 = 2pi
(L
λ
)
,(27)
that coincides with relation (18) as expected. There-
fore, one can work in two equivalent pictures on the
polymeric symplectic manifold: i) utilizing the effective
Hamiltonian (8) together with the symplectic structure
(9) in the Darboux chart which leads to the canonical
Poisson algebra (15); ii) implementing the noncanonical
chart with symplectic structure (22), Hamiltonian func-
tion (21) and the corresponding noncanonical Poisson al-
gebra (26). The trajectories on the polymeric phase space
are the same in two charts since equation (10) is satis-
fied in a chart-independent manner. However, as we will
see in the next section, working within the noncanoni-
cal chart is more admissible from the statistical point of
view.
III. DENSITY OF STATES AND PARTITION
FUNCTION
Statistical mechanics determines the relation between
microphysics and macrophysics. All of the thermody-
namical properties of a given physical system can be de-
rived from its partition function which is the summation
over all accessible microstates of the system. The canoni-
cal partition function for a single particle state is defined
as [23]
Z1 =
∑
ε
exp
[− ε/T ] , (28)
where ε are the single particle energy states which are
the solution of the Schro¨dinger equation in the standard
representation of quantum mechanics. In fact, the mi-
crostates for the statistical system are completely de-
termined by the quantum physics. In contrast to the
standard Schro¨dinger representation, finding the energy
eigenvalues in the polymer representation is not an easy
task due to the nonlinearity of the quantum Hamiltonian
in this picture [7, 8, 16]. Even if one finds the microstates’
energies in the polymer picture, calculating the partition
function (28) is somehow a complicated issue[13]. Nev-
ertheless, one may work with the classical Hamiltonian
together with the density of states in the semiclassical
regime. The semiclassical and the quantum statistics will
be coincided in the high temperature regime. Therefore
one should be careful that the semiclassical approxima-
tion is only applicable for the polymerized systems with
small polymer length scale through the uncertainty prin-
ciple.
Approximating the summation over the energy eigen-
values in the relation (28) by the integral over the phase
space volume yields∑
ε
→ Vol(ω
3)
h3
=
1
h3
∫
M
ω3 , (29)
where ω3 is the Liouville volume of the six-dimensional
phase space of the single particle which in turn, should be
obtained by substituting the associated 2-form structure
into the definition (16). Relation (29) is written in a
chart-independent manner on the manifold since the total
volume Vol(ω3) is invariant over the symplectic manifold
(see also [19]). Indeed, equation (29) is nothing but the
Heisenberg uncertainty principle which implies a finite
fundamental element for the phase space volume of the
order of Planck constant. The total volume determines
the number of microstates of the system and it, as is
guaranteed by the Liouville theorem, should be invariant
under the time evolution. Now, one may consider relation
(29) in various charts over symplectic manifolds with no
worries about the invariance of the total volume as time
grows, since the Liouville theorem is satisfied in a chart-
independent manner via the relation (17).
In the usual statistical mechanics, the topology of the
phase space of a single particle is R6 and then relation
(29) in the Darboux (canonical) chart leads to the well-
known result,∑
ε
→ 1
h3
∫ ∫ ∫
dx dy dz (30)
×
∫ +∞
−∞
∫ +∞
−∞
∫ +∞
−∞
dpx dpy dpz .
With approximating the summation over the energy
eigenvalues in (28) by relation (30), one can obtain the
standard definition of the semiclassical partition function
[24]. In the same way, the polymeric partition may be
achieved .
We consider (29) for the polymerized phase space in
two charts: the Darboux and noncanonical charts which
we presented in the previous section. In the Darboux
chart, the density of states takes the same form as the
usual one (30) because the corresponding symplectic
structure (9) is canonical (see the appendix), with this
difference that now the momentum part of the polymeric
phase space has a compact topology S1 rather than the
usual R. Thus we have∑
ε
→ 1
h3
∫ ∫ ∫
dx dy dz (31)
×
∫ +pi/λ
−pi/λ
∫ +pi/λ
−pi/λ
∫ +pi/λ
−pi/λ
dpx dpy dpz .
6Approximating the quantum partition function (28) by
the polymeric state density (31) and substituting the as-
sociated Hamiltonian (8) instead of the energy eigenval-
ues ε, gives the polymeric partition function as
Z1(λ;T, V ) = 1
h3
∫ ∫ ∫
exp
[
− U(x, y, z)
T
]
dx dy dz ×
3∏
i=1
(∫ +pi/λ
−pi/λ
exp
[
− (1− cos(λpi))
mλ2T
]
dpi
)
. (32)
It is clear that both the Hamiltonian and the density of states are modified in the polymer phase space in the Darboux
(canonical) chart. Rewriting (29) in the noncanonical chart on the polymeric symplectic manifold, gives the following
polymeric density of states in the noncanonical chart (see the appendix)∑
ε
→= 1
h3
∫ ∫ ∫
dx′ dy′ dz′ ×
∫ +2/λ
−2/λ
∫ +2/λ
−2/λ
∫ +2/λ
−2/λ
dp′x dp
′
y dp
′
z√(
1− (λp′x2 )2
)(
1− (λp′y2 )2
)(
1− (λp′z2 )2
) . (33)
Therefore in the noncanonical chart, as the above equa-
tion shows, while the Hamiltonian takes the standard
form (21) the polymeric effects are summarized in the
density of states. Equation (33) determines the number
of accessible microstates for the system and because of
the bounded domain for the momenta this number is less
than when the polymeric effects are absent. A similar
result is also achieved in the other effective approaches
to quantum gravity such as generalized uncertainty prin-
ciple [12], doubly special relativity [15] and noncommu-
tative phase space [20]. As a first thermodynamical out-
come we can see that the polymeric effects cause a re-
duction in the entropy of the system. This is because
the entropy is directly determined from the number of
microstates. In the next section we will explicitly inves-
tigate this fact and its following results for a particular
case in which the underlying system is a system of an
ideal gas.
Following the same steps which led us to (32), but
this time with the help of relations (21), (28) and (33),
the canonical polymeric partition function for a single
noninteracting particle becomes
Z1(T, V ) = V
h3
3∏
i=1
(∫ +2/λ
−2/λ
exp
[
− p
′
i
2
2mT
] dp′i√
1− (λp′i2 )2
)
=
V
~3λ3
(
exp
[
− λ
−2
mT
]
I0
[λ−2
mT
])3
,(34)
where V is the result of integration over the spatial part
and I0 denotes the modified Bessel function of the first
kind. The expression (34) for the partition function is
in an excellent agreement with what is obtained in [13]
by the full quantum consideration. Now, the polymeric
thermodynamics of a physical system (an ideal gas in our
model in the next section) may be extracted by means of
the above partition function.
IV. IDEAL GAS
In this section, let us consider a gaseous system con-
sisting of N noninteracting particles at temperature T
confined in the volume V . We assume that this system
obeys the Maxwell-Boltzmann statistics. Equation (34)
can be used to evaluate the corresponding polymeric par-
tition function as
ZN (T, V ) = 1
N !
[Z1(T, V )]N , (35)
in which the Gibb’s factor is also considered [24]. The
natural choice for the polymer length lpoly is the Planck
length lpoly = α~λ = α lPl =
√
G~, where G is the grav-
itational constant and α is a dimensionless coefficient of
the order of unity α ∼ O(1). As we have mentioned
before, this coefficient should be fixed only by the ex-
periments [21]. In our study, the value of the coefficient
α determines the boundary in which the polymeric ef-
fects become important. As we will see, the polymeric
effects appear in the trans-Planckian regime for the val-
ues α < 1 and the sub-Planckian polymeric effects emerge
for α > 1. Here, we assume lpoly = lPl , i.e, we select
α = 1 for the sake of simplicity. Substituting relation
(34) into (35) gives the total partition function for the
polymerized ideal gas as
ZN (T, V ) =
(
V/l3
Pl
)N
N !
(
exp
[
− T
2
Pl
mT
]
I0
[
T 2
Pl
mT
])3N
, (36)
where T
Pl
is the Planck temperature T
Pl
=
√
~
G . The
prefactor
(
V/l3
Pl
) ∈ N in this equation shows the discrete-
ness of space in the polymer framework. In the following,
by means of this expression for the total partition func-
tion, we will investigate the thermodynamical properties
of the polymeric ideal gas.
7A. Pressure
First of all, let us look at the Helmholtz free energy F
for the polymeric ideal gas which can be obtained (with
the help of (36)) from its standard definition as
F = −T ln [ZN (T, V )]
= NT
(
ln
[
Nl3
Pl
V I30
[
T 2
Pl
/mT
]]− 1)+ 3NT 2Pl
m
, (37)
in which we have used the Stirling’s approximation
ln[N !] ≈ N ln[N ]−N for large N . The pressure by defi-
nition is
P = −
(
∂F
∂V
)
T,N
=
NT
V
. (38)
Therefore, the familiar equation of state for the ideal
gasses, that is,
PV = NT, (39)
preserves its form also in the polymer framework.
B. Internal energy
The internal energy of the polymeric ideal gas will be
U = −T 2
[
∂
∂T
(
F
T
)]
N,V
=
3NT 2
Pl
m
(
1− I1
[
T 2
Pl
/mT
]
I0
[
T 2
Pl
/mT
]).(40)
This result exactly coincides with what comes from the
full quantum consideration of the ideal gas in the poly-
mer picture but now in a simpler manner [13]. It is im-
portant to note that we are working in the semiclassical
regime while our results are in good agreement with their
full quantum counterparts in the limit of high temper-
ature. Therefore, the quantum considerations preserve
their importance for the low temperature phenomenons
such as Bose-Einstein condensation. Nevertheless, con-
sidering the low temperature behavior is useful even in
the semiclassical regime to see how the results in this
limit may be recovered. To do this, let us take the low
temperature limit of the relation (40), that is
U ≈ U0
(
1 +
mT
4T 2
Pl
)
, (41)
where U0 =
3
2NT is the well-known usual internal energy
for the ideal gas. A glance at 41) shows that while the
polymeric effects becomes important at the high temper-
atures, the standard relation for the internal energy of
an ideal gas is recovered in the limit of low temperature.
The usual internal energy (dashed line) and its polymeric
counterpart (solid line) versus the temperature are plot-
ted in figure 1. As this figure shows, the two curves
coincide at low temperatures and while the temperature
rises are separated from each other.
To estimate the order of magnitude of the polymeric
correction to the internal energy of an ideal gas, consider∣∣∣∆U
U
∣∣∣ = ∣∣∣U − U0
U
∣∣∣ ∼ ( m
m
Pl
)
×
( T
T
Pl
)
, (42)
where m
Pl
is the Planck mass (equal to the Planck tem-
perature in the units in which we are working). Since we
have set numerical factor α to be of the order of unity,
the polymeric effects become important on the trans-
Planckian regime. In this regard, these effects will be
very small in the currently accessible temperatures [25].
For instance, consider an ideal gas consisting of electrons
with mass me ≈ 0.5MeV. For the temperature about
T ∼ 1TeV the polymeric correction to the correspond-
ing internal energy is of the order of∣∣∣∆U
U
∣∣∣ ∼ 10−38 , (43)
where we have set m
Pl
≈ 1.2× 1019GeV.
Furthermore, the usual internal energy for an ideal gas
U0 is linearly proportional to its temperature and conse-
quently the system can have access to any arbitrary high
energy scale just by sufficiently increasing its tempera-
ture. However, a glance at the corresponding relation for
the polymeric ideal gas given by equation (40) shows the
existence of a finite maximum value in the high temper-
ature limit as (see figure 1)
U ≤ Umax =
3NT 2
Pl
m
. (44)
The fact that no energy scale is accessible greater than
the above upper bound may be attributed to fact that the
momenta of the noninteracting particles of the gaseous
system are bounded in polymer framework.
C. Entropy
Now let us see how the entropy changes its form under
the framework we are dealing with. A straightforward
calculation based on the Helmholtz energy (37) will arrive
us to
S = −
(
∂F
∂T
)
N,V
= N
(
ln
[
V I30
[
T 2
Pl
/mT
]
Nl3
Pl
]
+ 1
)
−3NT
2
Pl
mT
I1
[
T 2
Pl
/mT
]
I0
[
T 2
Pl
/mT
] . (45)
In figure 2, we have plotted the behavior of entropy in
terms of temperature. As this figure shows entropy in-
creases with a much less rate in comparison with the
usual ideal gas. This result is due to the fact that en-
tropy is directly related to the number of microstates
of the system and this quantity in turn reduces in the
polymer framework since there is an upper bound for the
momentum of the particles in this picture.
8FIG. 1. The internal energy versus the temperature; the solid
line represents the internal energy in the polymer framework
and the dashed line corresponds to the standard nondeformed
case. Clearly, there is an upper bound for the internal energy
in the polymer framework which is originated in the existence
of the maximal momentum (UV cutoff) in the polymeric sys-
tems. The figure is plotted in unit ~ = 1 and T
Pl
= 10, where
T
P
is the Planck temperature. The number of particles and
the mass are taken as N = 107 and m = 10. The polymeric
effects dominate when the temperature approaches the Planck
temperature.
To see how the entropy behaves in the low temperature
regime, we may take this limit of the relation (45) with
result
S ≈ N
(
ln
[
V
N
(2pimT
h2
)3/2]
+
5
2
)
− 3
4
N
mT
T 2
Pl
. (46)
The last term on the right-hand side is the first order
polymeric correction to the entropy of an ideal gas which
is negligible in the limit of low temperatures. This is also
clear from the figure 2, which shows that the entropy
curve (45) coincides with its standard nondeformed one
in the limit of low temperature. The order of magnitude
of the polymeric correction to the entropy is the same as
we obtained for the internal energy.
D. Specific heat
Finally, another important thermodynamical quantity
is the specific heat which can be evaluated from the in-
ternal energy (40) as follows
C
V
=
(
∂U
∂T
)
V
=
3NT 4
Pl
m2T 2
(
1− mT
T 2
P
I1
[
T 2
Pl
/mT
]
I0
[
T 2
Pl
/mT
] − I21 [T 2Pl/mT ]
I20
[
T 2
Pl
/mT
]).(47)
The specific heat versus the temperature is shown in fig-
ure 3. We see that this quantity grows until it reaches
FIG. 2. The entropy against the temperature; the solid line
represents the entropy in the polymer picture and the dashed
line corresponds to the nondeformed case. The entropy in-
creases with a much less rate in comparison with the ordi-
nary ideal gas since the number of microstates in the polymer
picture is less than the usual case. The figure is plotted for
V = 107.
a maximum value and then takes a decreasing behavior,
eventually tends to zero. This means that from now on, if
the system gets more thermal energy, its internal energy
does not change. Such a behavior is expected because we
have seen from (44) that the system eventually reaches
a saturated internal energy. Again, our result coincides
with one arises from the full quantum consideration of
the ideal gas for the small polymer length [13].
As we have done in the last two subsections, let us take
a look at the low temperature limit of the specific heat,
that is
C
V
≈ 3
2
N
(
1 +
mT
2T 2
Pl
)
. (48)
Again, it is seen that the polymeric correction is of the
order of one that is obtained for the internal energy. Also,
as we can see from (48), the specific heat of the polymeric
system is coincided with its value for the ordinary ideal
gas at very low temperatures.
V. SUMMARY AND CONCLUSIONS
The polymer picture of quantum mechanics is an exotic
representation of the commutation relations which have
been investigated in a symmetric sector of loop quantum
gravity. We argued that in order to study the statistical
mechanics of a polymeric systems, analytical evaluation
of the energy eigenvalues may be impossible since the
Hamiltonian gets a nonlinear form in this framework.
On the other hand, we showed one can work with the
classical Hamiltonian and the density of states in the
semiclassical regime. The advantage of this method is
9FIG. 3. The specific heat versus the temperature in the poly-
mer framework. Since the increasing behavior of the internal
energy stops after reaching to its maximum, it is expected
that the specific heat goes to zero after reaching to a maxi-
mum value. The figure clearly shows this behavior.
that there is no need to solve the nonlinear eigenvalue
problem. Therefore, we considered the symplectic struc-
ture of the polymeric phase space and for studying the
statistical mechanics in this picture we used the effec-
tive Hamiltonian (8) and the deformed density of states
(31) in the Darboux chart. Moreover, we introduced a
noncanonical chart on the polymeric symplectic mani-
fold in which the Hamiltonian takes the standard form
(21) and all the polymeric effects were summarized in the
deformed density of states (33). We explained that work-
ing in this chart is more admissible from the statistical
point of view. This is because the density of states de-
termines the number of accessible microstates of the sys-
tem and consequently the polymeric effects only change
this quantity in this chart. According to our calculations
the number of microstates decreased when the polymeric
considerations came into the play and we linked this phe-
nomena to the fact that the momenta are bounded in
such a framework. Based on the deformed density of
states, we obtained the canonical partition function for
the polymeric many particle systems and then utilized
it to study thermodynamics of the ideal gas. In this re-
gard, some thermodynamical quantities of the polymeric
ideal gas such as pressure, internal energy, entropy, and
specific heat are evaluated. Having the same form of the
equation of state as the ordinary ideal gas, existence of
an upper limit for the internal energy unlike the conven-
tional case in which there is no restriction for the system
to achieve any level of energy, increasing behavior of the
entropy but with a rate much less than the usual case
and tending to zero after reaching to a maximum value
for the specific heat were the main features of our anal-
ysis based on the ideas we have designed in this article.
As an estimation, our calculations predict ∼ 10−38 (in
the TeV temperature scale) for the order of magnitude of
the polymeric corrections to the thermodynamical quan-
tities of an ideal gas. We saw that these results are in
very good agreement with their counterparts arisen from
the full quantum consideration at high temperatures and
they coincide with their usual counterparts at the low
temperature limit, so this may be considered as evidence
that the way we have moved in, was a right way.
Appendix A: Polymeric Density of States
To analyze the thermodynamics of the polymeric ideal
gas, we need to consider a six-dimensional phase space
corresponding to the single particle state. The homoge-
nous polymerization for the six-dimensional phase space
with variables qi = (x, y, z) and pi = (px, py, pz) is read
from (5) as
P [F (qi)] = F (qi), P [pi] = 1
λ
sin(λpi),
P [p2i ] =
2
λ2
(1− cos(λpi)). (A-1)
In the Darboux chart, the canonical structure for the six-
dimensional symplectic manifold is
ω = dx ∧ dpx + dy ∧ dpy + dz ∧ dpz, (A-2)
where the momenta are bounded as pi ∈ [−piλ ,+piλ ). The
associated 6-form Liouville volume can be obtained by
substituting (A-2) into the definition (16) as
ω3 = dx ∧ dy ∧ dz ∧ dpx ∧ dpy ∧ dpz. (A-3)
The density of states corresponding to the structure
(A-2) can be obtained via the relation (29) as∑
ε
→ 1
h3
∫
d3q ×
∫
|pi|<
pi
λ
d3p, (A-4)
which clearly gives the relation (31). To obtain the state
density in the noncanonical chart, we apply transforma-
tion (20) to the canonical variables (qi, pi) in the poly-
meric six-dimensional phase space as
(qi, pi)→ (q′i, p′i) =
(
qi,
2
λ
sin(
λpi
2
)
)
, (A-5)
where q′i = (x′, y′, z′) and p′i = (p
′
x, p
′
y, p
′
z). The 2-form
symplectic structure for the six-dimensional symplectic
manifold in the noncanonical chart becomes
ω =
dx′ ∧ dp′x√
1− (λp′x2 )2
+
dy′ ∧ dp′y√
1− (λp′y2 )2
+
dz′ ∧ dp′z√
1− (λp′z2 )2
,(A-6)
which leads to the 6-form Liouville volume
ω3 =
dx′ ∧ dy′ ∧ dz′ ∧ dp′x ∧ dp′y ∧ dp′z√(
1− (λp′x2 )2
)(
1− (λp′y2 )2
)(
1− (λp′z2 )2
) , (A-7)
through the definition (16). The density of states (33)
can be easily deduced by substituting the Liouville vol-
ume (A-7) into the relation (29). Relation (33) is essen-
tial to obtain the partition function in polymer frame-
work.
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